The purpose of this paper is to prove two -convergence theorems of the Mann algorithm to a common fixed point for a countable family of mappings in the case of a complete geodesic space with curvature bounded above by a positive number. The first one for nonexpansive mappings improves the recent result of He et al. (Nonlinear Anal. 75:445-452, 2012). The last one is proved for quasi-nonexpansive mappings and applied to the problem of finding a common fixed point of a countable family of quasi-nonexpansive mappings. MSC: 49J53
Introduction
For a real number κ, a CAT(κ) space is defined by a geodesic metric space whose geodesic triangle is sufficiently thinner than the corresponding comparison triangle in a model space with curvature κ. The concept of these spaces has been studied by a large number of researchers. We know that any CAT(κ) space is a CAT(κ ) space for κ > κ (see [] ), thus all results for CAT() spaces can immediately be applied to any CAT(κ) with κ ≤ . Moreover, CAT(κ) spaces with positive κ can be treated as CAT() spaces by changing the scale of the space. So we are interested in CAT() spaces.
One of the most important analytical problems is the existence of fixed points for nonlinear mappings. In the case for nonexpansive mappings in a CAT(κ) space was proved by Kirk [, ] for κ ≤ , and by Espánola and Fernández-León [] for κ > . In the cases when at least one fixed point exists, it is natural to wonder whether such a fixed point can be approximated by iterations. There are many methods for approximating fixed points of a nonexpansive mapping T. One of the most successful methods is the Mann algorithm [] which is defined in a geodesic space X by x  ∈ X and x n+ = t n x n ⊕ ( -t n )Tx n for all n ∈ N, (.)
where {t n } is a sequence in [, ] . By using this algorithm, He et al. [] proved the following result.
Theorem . Let X be a complete CAT() space and T : X → X be a mapping. Let {x n } be the Mann algorithm (.) in X. Suppose that  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2013/1/336
Then the sequence {x n } -converges to a fixed point of T.
Motivated by these results, we prove two -convergence theorems of the Mann algorithm to a common fixed point for a countable family of mappings in complete CAT() spaces. The first one for nonexpansive mappings improves Theorem .. The last one is proved for quasi-nonexpansive mappings and applied to the problem of finding a common fixed point of a countable family of quasi-nonexpansive mappings.
Preliminaries
Let X be a metric space with a metric d and let x, y ∈ X with d(x, y) = l. A geodesic path from x to y is an isometry c : [, l] → X such that c() = x and c(l) = y. The image of a geodesic path from x to y is called a geodesic segment joining x and y. Let r ∈ (, ∞]. If for every x, y ∈ X with d(x, y) < r, a geodesic from x to y exists, then we say that X is r-geodesic. Moreover, if such a geodesic is unique for each pair of points, then X is said to be r-uniquely geodesic.
A geodesic segment joining x and y is not necessarily unique in general. When it is unique, this geodesic segment is denoted by [x, y] . We write z ∈ [x, y] if and only if there ex- (x, y) . In this case, we will write z = tx⊕(-t)y for simplicity. A geodesic triangle (x, y, z) consists of three points x, y, z ∈ X and geodesic segments [y, z] , [z, x] and [x, z] joining two of them. We write w ∈ (x, y, z) if
To define a CAT(κ) space, we use the following notation called model space. 
We call the triangle having vertices x, y and z in M  κ a comparison triangle of (x, y, z). Notice that it is unique up to an isometry of M  κ . For a specific choice of comparison triangles, we denote it by (x, y, z).
Let κ ∈ R and X be a D κ -geodesic space. If for any x, y, z ∈ X with d(x, y)+d(y, z)+d(x, z) < D κ , for any p, q ∈ (x, y, z), and for their comparison points p, q ∈ (x, y, z), the inequality
holds, then we call X a CAT(κ) space. It is easy to see that all CAT(κ) spaces are D κ -uniquely geodesic; consider the triangle such that two of its vertices are identical. http://www.fixedpointtheoryandapplications.com/content/2013/1/336 Let {x n } be a bounded sequence in a metric space X. For x ∈ X, let r(x, {x n }) := lim sup n→∞ d(x, x n ) and define the asymptotic radius r({x n }) of {x n } by r {x n } := inf x∈X r x, {x n } .
An element z of X is said to be an asymptotic center of {x n } if r(z, {x n }) = r({x n }). We say that {x n } is -convergent to x ∈ X if x is the unique asymptotic center of any subsequence of {x n }. The concept of -convergence introduced by Lim in  was shown by Kirk and Panyanak [] in CAT() spaces to be very similar to the weak convergence in Banach space setting.
Remark .
() If {x n } is a sequence in a complete CAT(κ) space such that r({x n }) < D κ /, then its asymptotic center consists of exactly one point. () Every sequence {x n } whose asymptotic radius is less than
We note that Remark .() was proved by Dhompongsa et al.
[] for the case κ ≤ , and by Espánola and Fernández-León [] for the case κ > .
Let X be a metric space with a metric d.
A point x ∈ X is called a fixed point of T if x = Tx. We denote by F(T) the set of fixed points of T. The mapping T is called quasi-nonexpansive if F(T) = ∅ and
The following lemmas are essentially needed for our main results.
Lemma . ([, Lemma ])
Let {a n } and {b n } be two sequences of nonnegative real numbers such that a n+ ≤ a n + b n for all n ∈ N.
If
∞ n= b n < ∞, then lim n→∞ a n exists.
Main results
We start with some propositions which are common tools for proving the main results in the next two subsections.
Proof Let x be the asymptotic center of {x n } and let {x n k } be any subsequence of {x n } with the asymptotic center y. We show that y = x and hence {x n } -converges to x as desired.
-converges to z for some z ∈ X. Clearly, z ∈ ω ({x n }) and it follows from the assumption that
we have z = y. This implies that y = x.
Proposition . Let X be a complete CAT() space and {T n } : X → X be a countable family of quasi-nonexpansive mappings with
where {t n } is a sequence in [, ]. Then http://www.fixedpointtheoryandapplications.com/content/2013/1/336 (i) {x n } is well defined and r({x n }) < π/. In particular, ω ({x n }) = ∅ and
This implies that x  is well defined. It follows from Lemma . that
and we have
Using mathematical induction, we can conclude that the sequence {x n } is well defined and
Then lim n→∞ d(x n , p) exists which is less than π/, and so r({x n }) < π/. This implies that
It follows immediately from Proposition . that {x n } -converges to an element of F and the proof is finished.
Countable nonexpansive mappings
The following concept is introduced by Aoyama et al. [] . Let X be a complete metric space and {T n } be a countable family of mappings from X into itself with F := Theorem . Let X be a complete CAT() space and {T n } be a countable family of mappings from X into itself. Let {x n } be a sequence in X defined by x  ∈ X and x n+ = t n x n ⊕ ( -t n )T n x n for all n ∈ N, where {t n } is a sequence in [, ] . Suppose that (Cn ) T n is nonexpansive for all n ∈ N and F :=
Then the sequence {x n } -converges to a common fixed point of {T n }.
Proof We first show that lim n→∞ d(x n , T n x n ) exists. Using the nonexpansiveness of T n and the definition of {x n }, we obtain that
for all n ∈ N. It follows from Lemma . and
Next, we show that lim n→∞ d(x n , T n x n ) = . Assume that lim n→∞ d(x n , T n x n ) > . Thus, without loss of generality, there is a positive real number A such that
To get the right inequality of the preceding expression, let p ∈ F be such that
Put A n := d(x n , T n x n ) for all n ∈ N. By elementary trigonometry and Lemma ., we get that
and it follows that
for all n ∈ N. Notice that cos d(x  , p), cos(A/), and sin(A/) are positive. Consequently,
which is a contradiction. Then we get that lim n→∞ d(x n , T n x n ) =  and hence
where Y := {x n }. Finally, we show that {x n } -converges to an element of F(T). To apply Proposition .(ii), we show that ω ({x n }) ⊂ F(T). Let u ∈ ω ({x n }). Then there exists a subsequence {x n k } of {x n } such that {x n k } -converges to u. Clearly, u is the unique asymptotic center of {x n k }. Using the nonexpansiveness of T and d(x n , Tx n ) → , we get that
This implies that Tu = u, that is, ω ({x n }) ⊂ F(T). This completes the proof.
As an immediate consequence of Theorem ., we obtain the following result.
Corollary . Let X be a complete CAT() space and T : X → X be a mapping. Let {x n } be the Mann algorithm (.) in X. Suppose that
Then the sequence {x n } -converges to a fixed point of T. sense that if d(x  , F(T)) = π/, then we may construct the Mann algorithm for a nonexpansive mapping which is not -convergent.
Example . Let S
 be the unit sphere of the Euclidean space R  with the geodesic metric.
Let T : S  → S  be defined by
Then T is nonexpansive and F(T) = {(, , ), (, , -)}. Let {x n } be a sequence in S  defined by x  = (, , ) and
Then d(x  , F(T)) = π/ and
It is easy to see that {x n+ } has the unique asymptotic center which is {(, , )} and {x n+ } has the unique asymptotic center which is {(, , )}. Hence, {x n } is not -convergent.
Countable quasi-nonexpansive mappings
In this subsection, we give a supplement result to Theorem .. Obviously, every nonexpansive mapping with a fixed point is quasi-nonexpansive. Moreover, if T is nonexpansive, then T is -demiclosed [] , that is, if for any -convergent sequence {x n } in X, its -limit belongs to F(T) whenever lim n→∞ d(x n , Tx n ) = .
In the following theorem, we deal with quasi-nonexpansive mappings satisfyingdemiclosedness. This interesting class of mappings includes the metric projections [] . However, there are many metric projections such that they are not nonexpansive.
Theorem . Let X be a complete CAT() space and {T n } be a countable family of mappings from X into itself. Let {x n } be a sequence in X defined by x  ∈ X and x n+ = t n x n ⊕ ( -t n )T n x n for all n ∈ N, where {t n } is a sequence in (, ). Suppose that
• {T n } converges uniformly to T on each bounded subset of X;
Then the sequence {x n } -converges to a common fixed point of {T n }. Proof of Theorem . We first show that lim n→∞ d(x n , T n x n ) = . Let p ∈ F(T) be such that d(x  , p) < π/. We have that A := lim n→∞ d(x n , p) exists which is less than π/ and r({x n }) < π/ by Proposition .(i). Put B := lim sup n→∞ d(x n , T n x n ). Notice that B < π . Since lim inf n→∞ t n ( -t n ) > , we may assume that there exists a subsequence {n k } of N such that lim k→∞ d(x n k , T n k x n k ) = B and t n k → t ∈ (, ). Using the quasi-nonexpansiveness of T n and Lemma ., we get that
Using elementary trigonometry, we get that B = . Hence it follows that
By condition (C), we get that
where Y := {x n }.
Finally, we show that ω ({x n }) ⊂ F(T). Let u ∈ ω ({x n }). Then there exists a subsequence {x n k } of {x n } such that {x n k } -converges to u. It follows from the -demiclosedness of T and d(x n , Tx n ) →  that Tu = u, that is, ω ({x n }) ⊂ F(T). Hence the result follows from Proposition .(ii). The proof is now finished.
As an immediate consequence of Theorem ., we obtain the following result. To prove Theorem ., we need the following lemmas. 
